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SOLUTIONS TO PROBLEMS IN MERZBACHER, CUENTIC MECHANICA, THIRD HOMER REID EDITION NOVEMBER 20, 1999 CAPALE 2 PROBLEM 2.1 AN INITIAL INITIAL WAVE PACKAGE WITH A MEDIUM WAVE NUMBER KX AND A GAUSSIAN EXTENSION IS GIVEN? ? x2 + ik x. A%4" (x, 0) =cexpi ¢ " x4 (4 ¢ 4" x) 2 Trace | 424" (x, t) | 2 as
a function of x for several T values, choosing & ¢ 4" x x that progresses according to classic laws. Apply the results to calculate the propagation effect on some microscope and macroscoscosicoscoscosicos experiments. The first step is to calculate the Fourier transformation of 4za" (x, 0) to find the distribution of the wave package in the impulse space:
a- i(k) (2aa€ a€ 1/22a¢aA aza’ (x, O) edc¢ca” d'ikkxdx??x2+ikac¢a k)xa’'dx= (2aa€)Toproceedweneedtocompletethesquarelntheexponent dcaax2+ikoacak)x4(@catx)2?x2222ac¢a’ikacaak)xaca dakaca k(@¢)xaca ikoaca A’k)acatin(??)tofind:a-ik)=(aa€)’Expa¢a a?122][xa
¢ a"2ikaca k)(@¢a"x)dx04(a¢a” x)2in the integral wer You can perform the displacementxa ¢ & ¢ & 'Theresultisa ™ ™ (k) =4d¢a"?)2(a ¢ a" x) 2 to put th1s in direct correspondence with the shape of the wave package in the configuration space, can we write? 2 4} (k) = 2Ca ¢ 4" a T which the Gaussian wave package sometimes refers as
a wave package of minimum uncertainty. The next step is to compute aza" (x, t) for t> 0. since we are talking about a free particle, anoicnuf anoicnuf mutnemom le euq Also the functions of energy, which makes its evolution of time particularly simple to write down. In the previous work we have expressed the initial wave package aza" (x, 0) as a
linear combination of the functions of the moment, that is, as a sum of the expans (IKX) with the K& © Simo ta © rmino weighted in the sum for the aza ™ ™ ™ (k) factor. The wave package in a later time t> 0 will be given by the same linear combination, but now with the rmino kth multiplied by an expa phase factor [a ¢ a" & & & %o (k) t] that
Describe its temporary evolutlon In the symbols we have z& ¢ 8" 4za" aza” (x,t) =a- (k) ei[kxd ¢ &" &4 a4 %o (k) t] dk. ¢ &" & ¢ &" & ¢ az for a free part, the frequency and wave number are connected through it of & & %o (k) = 2 h 2m using our previous expressmn foraza ™ ! (k), we find 8za" (x,t) =za ¢ 4" 2ca ¢? h a ,a film t dk. Exp aca akoac¢a”
a’'k)2 (@ ¢ a"x)2+ikxa¢a" i2méac¢??hAza+kac¢éa’ aié2k + azas3? ? 2424"24a’2000000000a"200000000004°2000000000000000000000000000472002000002000022220120222121102000111100111111111120200011011111111011 = K02 (4 ¢ &" x) 2. Using this in ('? ? The integral evaluated to 4 € 1/2 /aza =. We have aza" (x,t) = =a ¢ a"?? 2?
1 aza’2aa€xexpi¢atas2a’ataxd4aax2"# 12#"a¢a” (a¢)x) 2 (ix + 2k0 (4 ¢) 2 a ¢) ¢ It is quite ugly, but it shows the relevant characteristics. The important point is that the tile The time. In the figure, a € draw this function & ™ a few T values, with the following parameters: m = 940 mev (corresponding to a proton or neutrion), d ¢ 8" x = 3
@S A, KO=0.84a<a3$aa ¢ a" 1. This value of kO corresponds, for a neutrion, at a speed of approximately 5 4,4 - 104 And keep in mind that, of course, the center of the wave package travels around 5 Nm in 100 fs. The propagation time 3 Example of Gaussian wave packet 350t =0st = 30fst = 70 fs t = 100 fs 4 Wave functions (arbitrary units) 300
250 200 150 100 50 0 -1E-08 -5E-09 0 Distance (meters) 5E-09 1E-08 Problem 2.2 Expresses the 3 n function of Gaussian wave of extensiA 3 n A" (x, t) obtained in problem 1 the form A®A" (x, t) = exp [is (x, t)/A¢A ("h"). Identify the function 3 S (x, t) and show that it satisfies the Hamilton-Jacobi quantum 3 equation. In the last problem we find A®A" (x,
t) AcE A1 2A¢E & xA®A>=2A4cexpA¢E 4 A®A’A® A+ 4A® A+ 2 A¢E AA®AAA2ACE 4 x+2A¢a A®A’2A1ic = exp In A® A+ 4A® Ax (1) where we reuse the tachygrafAa we defined above: A® A+ 2 = (A¢E & (x)2 +iA¢Aht2mA A>=2k0 (A¢ & (x)2 + ix A®A% =k02 (A¢E & (x) 2. From (? S (%, t) = i 4A® A+ Things are really
more easy if we define A®A a4 =A® A+ 2. TheniA¢A 1 hA¢AA A ¢ A®A22 ARAAAAAA=(A¢E & x)+A¢ & InA®A” +ts(x,t)=2mi24A®A’ it now calculates partial derivatives: 7000000000000000000000000000000000000000000000000000000000000000000000000000000 -Jacobi for a free partis 2 1 A¢E4 + + = 0 4mA®A 4 8SmA®A" 2
8mA®A’ 2 4mA®A’ So, effectively, the equation 3 not satisfied. A¢E & Problem 2.3 Consider a wave function 3 initially the overlap of two well-separated narrow wave packets: A®A A A1l (x, 0) + A®A2 (x, 0) chosen so that the absolute value of the integral overlay 3 Z +A¢E AJ A®A3 (0) = A®AIAE -1 (x) A®A2 (x) dx A¢E a4 A¢E A A Aisvery
small. As time evolves, the wave packets move and extend. Will | A®AS3 (t) | A Increase the time, as the wave packets overlap? Justify your answer. It seems to me that the answer to this problem depends entirely on the details of the particular problem. One can imagine a situation in 3 where the integral of overlap * not increase over time. Consider,
Example, the wave packages of neutrons set in the figure of problem 2.1 If one of those wave wave A2cE°a ¢A 2 )m 3.0( -AVve 801 -A49-A2h A¢A/2)x AECA(m2E°a¢Atm22)x a E¢A( E °a ¢A t "A¢A h o odnauc elbaicerpa n3Alcagaporp anu a somaznemoc ,osac etse nE .sonaissuag seteuqap nos euq ranigami somedop adno ed seteuqap sol
ed n3A1cagaporp ed opmeit ed alacse al ramitse araP .n3Aicatibah al ne ratse naArdop edn3Ad ed adamixorpa siAm n3Aicacidni al somenet olos ,socimr©At senortuen sortseun odneivom niAtse es od1p1Ar nat ©Auq n3Alslcerp atse noc somebas is euq se otnup le ,secnotnE !emrone se otsEiA .mc 03 E °4 ¢A S 01' 01 E¢A01 -‘AcE °a ¢A C / Ve 6aE¢A01
‘A1.6S-AVe 61aE¢A01 -‘A6.6 P AE¢CA A¢CAH=E°a¢AX & E¢A ed n3Aicisop ed erbmuditrecni anu acilpmi otsE .Ve 6aE¢A01 Al16= 9aE¢A01 ‘AOp = p a E¢A>>A ®A 94E¢A01 = »A®Ad 2»A ®A »A®Ad h "A¢A —-a "A2aE¢A»A ®A h "A¢A -4 “A2 se oslupmi ed erbmuditrecni al secnotnE p = pd secnotne = pd = p ?oslupmi ed n3Aisrepsid ed levin
le erbos otse ecid son ©AuQ¢A ;lanoiccarf adno ed dutignol ed n3Alsrep51d ed levin le sodad somatse c¢/Vek 1.6 = 2/1 )JVEMO2( ‘A ¢A )2aE¢AC -A VEMO049( -A 2[ E °a 2/1 ]Jem2[ = Op .senortuen sol ed oidemorp oslupmi le eluclac oremirP 6 ?etnemelbaicerpa adno ed seteugap sol niArednetxe es opmeit ed odoArep © Auq nE¢A .otneimivom led
n3Aiccerid al ne adno ed seteuqgap sol ed dutignol al emitsE .94E¢A01 = »A®A/»A ®A & E¢A ed adno ed dutignol ed n3Aisrepsid ed levin nu a VeM 02 ed acit©Anic aAgrene ed socimr©At senortuen ed aAgrene ed n3Aicagaporp al ahcertse n3Aiculoser atla ed senortuen ed ortem3Arefretni nU 4.2 amelborP .otelpmoc rop raspaloc ed setna 0COp nu na-
Ardnoprepus es etnematreic secnotne ,sodarapes smortsgna 02 a ,somagid ,sodartnec nareivutse senortuen ed adno ed seteuqap sod sol is ,odal orto roP .As ertne nacreca es sortnec sus euq ed setna ohcum ,sf 001 E °4 ed opmeit ed alacse anu ne nedneitxe es salo ed seteuqap sus ,As ertne etnemlaicini neveum es senortuen sol is osulcni ,siAmedA

.sortnec sus ed smortsgna socop sonu ne elbaicerpa rolav nu neneit olos adno ed seteuqap sol euq ay ,a=Aeuqgep aAres n3Aicisoprepus ed largetni al ,anihC ne orto y elihC ne sodartnec nabatse A- 10iE & 16eVA-SA¢a°E 32ksA¢ a E 10 hours. 7 Solutions to Problems in Merzbacher, MecA nica cuAAA;3 Third Edition in Homer Reid March 8,

a ¢ a" dt to show that J ~ does not contain crossed terms, it is enough to show that its divergence does not have crossed terms, and to show this enough (due to probability conservation) with showing that it does not have crossed terms We have & = "a "==[ca" 1a— a" 1 + ca ¢ a—2]cl || 1]+]C2]]2|+ClCa¢a 2a— 2a 2 + Ca ¢ a"1C24a" ¢

2 1 (1) Problem 3.2 For a free part of one, calculate the variance in the dimension of time, t, (t), (t) 2ta ¢, ta¢x2ta ¢ repeatedly calculate Hx2t without the explanatory use of wave function applylng (3.44). Does that’? ?21((@¢a" atpx)222(@¢a” px) t=(@Ec¢a" x)0 + hxpx +pxxi0d¢a " hxi0hpxit+tm2m2and (@¢atPx)2t=(G¢atpx)0
+ Hxpx + pxxi0 ¢: w (t) d ¢ a4 %o (2 ¢ &” x) 2t. (Thewrem1ndsmeof¢ a€ widthofade.da¢a€athendwl12d2w+4,4a-4,a-4a,a- (2)tw(t) w(O) +t+dtt=02dt2t=0WehaveidH2xad¢a&a hxidtd2xad¢a " 2hxihxi=(3)dt??2d2d22d2wa¢a"2hxi=x4a¢a" 2 hxi hxi (4) dt2 dt2 dt2 dt2 We need to calculate the time derivatives of HXI

and x2 time. The relevant equationisd 14 ¢ &” fhfi=hfh & ¢ &" hfi + dt H = P2 /2m, and the importance of importance is px = xp & ¢ a AlaAA h. We can use this to calculate time derivatives: D HXIdt = = = == 1h[x, h]ia AAAPAI 12xpa¢a p2x2imi, afilml12xpa¢ pkxpa &,afilm)2hpi=0(6)dt2mdtd212x=[x,h]dtInh1 A2A—A2A A
h-l-{llAAhgcpAZAlmAAAA h AAAhA2A—AAA¢ AAZ"A}DEpl(Y)AmAzAdg%}E_A}}XLH? dt m dt 2 = h[xp, H]{IEAAhInJ?A AAq:AAAAAApr¢AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA2d32x—[p, H] = 0 (9) 3 2 iA2 Now that we have calculated all derivatives of hxi and x2, itA¢ has been calculated the time up to = 3 plug them in (3) and (4) compute time derivatives of w. dwdt=====d2wdt2 ==d 2 d x A¢

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAI) Finally, we connect these in the original equation (2) to find ? ? 2 1 (A¢ p)2 2 w(t) = w(0) + hpx + xpi A¢ A hxi hpit + t. m 2 m2 The other portion 3 this problem, the constancy of (A¢ A p)2, is trivial, since (A¢ A p)2 contains expectation values
of p and p2, which both switch to H. 4 Problem 3.3 Consider a linear armA 3 oscillator with H =T +V =p2 1 + mA A 2x2.2m 2 (a) Derive the equation of motion for the expectation value hxi t , and show that it oscillates, similarly to the clA oscillator, as hpi0 without A hxit = hxi0 cos A A t + mA A b) Derive a second-order motion differential
equation 3 the hT A¢ A V expectation value by repeated 3 apphcation of (3.44) and the use of the viral theorem. Integrate this equation 3 and, recalling the conservation ? energy, calculate x2 t . (c) Demonstrate that 2 (A¢ x)A x)2t A¢ A x2 t A¢ A hxit (A¢ p)2 = (A¢ A x)20 cos2 A¢ A¢ A A t+ 2 20 sin2 ? without 2A A t 1 + hxp + pxi0 A¢ A hxi0 hpi0

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAa)Againllike to use a slightly different note 3: e(t) = hxi t. de(t) ====d2e(t)=dt21 thA¢A HxiiA A h1 2pr¢A p2 x 2iA hm 1 2pr¢A p(pr¢ AAAA iAcAAAAAAAAAAiIANxi2iA"Ah

¢AAAAA 2 hxi . So we have d2 e(t) = ¢AAAAA 2 e(t) dt2 with general solution e(t) A cos AAt + B sin AAt. The coefficients are determined by the boundary conditions: e(0) = hxi0 hp10 e0 (0)=m ¢AAA ¢AAA A hxi0 hpi0O B=. mAA (b) Let¢AAAs define v(t) = hT ¢AAA Vit.Then 1 h(T ¢AAAV )H ¢AAA H(T ¢AAAV)iiA"Ah 1 = h(T ¢AAAV )(T +V)

¢AAA(T+V)(T¢AAAV)11AAh2—hTV¢AAAVT11A Ah2AAp2x2 ¢AAAx2p2 —21AAhWealreadyworkedoutthiscommutatormProblem2 22px¢AAAx2p2—¢AAA41AAhxp+2AAh2dV(t)dt—sodv(t)—¢AAA2AA2th1+1AAhAA2 dt—¢AAA2AA2hxp1+AA2hxp¢AAApx1—¢AAAAA2hxp+px1(12)Next d22AA2v(t)

¢AAA hpo ¢AAA Hxpi dt2 1A~ Ah mAA22AA 213 =¢AAA Xp ¢AAA P2 xp + xpx2 ¢AAA x3 piA~ Ah2m 2 6 (13) The bracketed expressions are 3 xp ¢AAA p2 xp = = =2 3 xpx ¢AAA x p = = = xp3 ¢AAA p(xp ¢AAA iATA h)p xp3 ¢AAA (xp ¢AAA iA"A h)p2 + iA~ A hp2 2iA~ A hp2 x(xp ¢AAA iA™A h)x ¢AAA x3 P2x(xp ¢AAA iA"A h) ¢AAA iAA hx2 ¢AAA
x3 p ¢AAA21A A hx2 and plugging these back into (13) gives d2 v(t) = ¢AAA4AA 2 dt2 # " p2 mAA 22 ¢AAAxm?2 = ¢AAA4AA 2 v(t) with solution v(t) = A cos 2AAt + B sin 2AAt. (14) Evaluating at t = 0 gives A = hT i0 ¢AAA hV i0 . Also, we can use (12) evaluated at t = 0 to determine B: ¢AAAAA 2 hxp + pxi0 + iA"A hAA 2 = 2AAB so AA hxp + pxi0
. B=¢AAA 2 2 The next task is to computext:x2t===2hVit mAA 2 1 hH ¢AAA (T ¢AAA V)it mAA 2 1 [hHit ¢AAA v(t)] . mAA 2 Since H does not depend explicitly on time, hHi is constant in time. For v(t) we can use (14): 2 AA hxp + pxi0 1 sin 2AAtxt=hTi+ hVi¢AAA [hTi¢AAAhVi]cos2AAt+ 0000 mAA22 AA hxp + pxi0 122 =2 hTi
sin AAt + 2 hV i cos AAt + sin 2AAt 0 0 mAA 2 2 2 p 0 1 sin 2AAt sin2 AAt + x2 0 cos2 AAt + hxp + pxi0 . (15) = m2 AA 2 2 mAA 7 (c) Earlier we found that hxit hxi2t hpi0 sin AAt mAA 2 hpi = hxi20 cos2 AAt + 2 02 sin2 AAt + hxi0 hpiO sin 2AAt. m AA = hxi0 cos AAt + Subtracting from (15) gives h i x2 0 ¢AAA hxi20 cos2 AAt (¢AAAx)2t = x2 ¢AAA
hxi2 = i 1 hm hm 1 h2iA"A hpi 2iA"A hm hpi . md hpidt m 5 = = = = = = 1 hpH ¢AAA Hpi iA"A hm 2 AA px2 ¢AAA x2 p 2iA"A h AA2 (xp ¢AAA iA"A h)x ¢AAA x2 p 2iA"A h AA2 x(xp ¢AAA iA"A h) ¢AAA iA"A hx ¢AAA x2 p 2iA”A h AA2 Snoitcnunegie ygrene eht ot tcepser htiw x2p fo xnemele xnemele xirtam eht etaluc 1.5 Melborp 5 remoh notede driht
,scinahm mutnauq ,rehcabzrem ni smelborp ot square ot snowos 9 )A( 000). AZ = )R( f A’aAtA¢ ) Or(& h & htiw noitcnuf noitubirsid rangiw eht morf morf denatbo si Or Noitisop ta ) Op) Op , Or( w z sa dezilamron si noitcnuf noitubirsid rangiw eht wohs )c( . Opd Ord) Op, Or(w) Or( f =i)r(fh zz z z z si edats dezilamronanrrrrrrrrrrrrrrrrCCCCCY
r r rotanpo eht a fo eulav noitatcepxe eht taht dna 2|) Or(a[l’ AZ| = Opd) Op Or( w z taht Evorp )B( ) xis eht revo denefed ,noitcnuf deualv-laer a si ) Op Or( w taht wohs )A( 2 2 3)h 4€ca€ed€ed€ A¢ r A'az)h 4€0e/ xa€, PA’A “A¢(Pxe 00rd + rA'az =) P, R(—a A¢ Sa denifed si noitcnufnuf noitubirtsid rangiw eht ,) Or(4€ea€4aZ noitcnuf evaw eht vb
determents a rof 5.3 Melborp A’a"A¢ =) Or(j = m2 Or=r|a" A¢ A—a" A¢a AZ A'é”A¢ AéAA¢ A& A¢ a4'azataa"Aca’ az|=h A 3€cel m2 Or= r|d'dzata” A¢ A—éAA¢a A72 +)a'A74 4€ce—a"A¢ca’'AZ( Ata"A¢a"A¢c| ha€ Aac Aacac Aac Aac Aac Aac Aac Aacac Aac Aacac Aac Aacac Aac Aac Aacac Aacacacaefr ytitnedi eht esu nac eweh 8 m2 .rd
lathe azata" A¢ A—3a"A¢&'az Or a’a"A¢ r@a@ A¢ r(a"A¢ r@a” A¢ r(@” A¢ r@a@ A¢ r(a"A¢ r(a"A¢ r(a"A¢ T(A"A¢ r(a"A¢ r(a"A¢ Or Aa"A¢ r(A"A¢a"AZ[ 44" A¢= h A &€ :thgir sti ot ot gniihtyreve no setepo mert tneidarg eht rd Jathe’ A7ata"A¢)'AZ) Or Aa™Ag R(a€AZa¢a A¢ A—a"A¢a"AZ[A¢ ‘A¢ yp) Or &’a "AA¢ R(A4Z + ) Or Aa"A¢ r(a€aZhph h 4€cel ,Eno Dnoces Eht
rof .)’AZ) Or( A"A¢a a¢a’az = RD) Or 8’a"A¢ R(4"A¢a€ AZ = 1) Or Aa"A¢ R(&€ azh z :laivir si eno tsrif eht .Noittatneserper mutnemom eht ni seitisned esened esened rof snoserpxe evered . |p) Or “'“A¢ R(A'az + ) Or Aa"A¢ R(a4€ azp[ aaTA¢ ) 0r(J ) A¢ Or(a a Srotarepo eht fo seulav noitatattcepxe sa p dna r Srotarepo eht fo smret ni desserpxe eb nac Or
Noitised Tnerruc Ytilibaborp eht DNA ysned ytilibaborp eht taht Evorp 4.3 Melborp .2 Melborp fo Tluser eht Htiw Puhctam Erusne Ot Deden Sa ,2 A’aTA¢ )a%oa 2 NIS( DNA ,1 A’atA¢ 2 4%oa /ta%o0A 2 is also(,1 A’atA¢ ta%oa 2SOC ,0 A'aTA¢ A%o0a 2 AA m . Oiph Oixh AAA¢ Oixp + pxh + tAA 2nis 02 2 + tAA 2soc 02)xAAA¢( = 2)pAAA¢(tAA2 nis1 2 +
tAA2 nis Oiph Oixh AAA¢ Oixp + pxh 1 AA m 021ph AAA¢ 02p22+++1(-a A 14E¢An2 'n iAE¢A 2 1)2 + n(2A £A "A 2aE¢Ak =n,-4 An |AE¢A +A £A "A reel somedop ,)3( noc sonimr©At ed n3AlcarapmoC =0=]iA1JiAJiAlj-A¢A-A¢cA-A+ts+ts+ts+ts»AA—-a A+A¢A-A-A ¢A J2+] 14] 1+ 24J2 24+]J 1+J22]] 2 2 IAECAx 1+] ]
YLAEGCA 0 = J'Jtsd +2T2 +2S2 + 1 2»A ®A -4 A + ‘A -A ¢A A =-A¢A A-A¢A + j )ts2( iAEG¢A 1 x %4AE¢A 2 -A-A-A-A+-AA-A-A+2)s2(+)ts2(+12)t+s(2+12»A ®A -3 A+ -A¢A-A-A-A=1IiAE¢A somenet ,arenam atse ed selbinetbo sonimr©At sol olos odneibircsE .eires amitl2A al ed onimr©At reiuglauc noc otnuj ,eires adnuges al ed
2»A ®A onimr©At le y eires aremirp al ed 1 le ramot se amrof adnuges aL .eires amitl?A al ed onimr©At reiuglauc noc otnuj ,eires adnuges al ed 1 le y eires aremirp al ed 2»A ®A onimr©At le ramot se amrof anU .otse ed 2»A ® A onimr©At nu renetbo ed samrof sod yaH )3(2 2 2 ‘A ‘A ¢A ‘A + 2 )ts2( + )ts2( + 1 -A-A-A-A + 2)t + s( 2 )»A®A2( + )t +
s(»A ®A2 + 1 -A ¢A-A-A¢A + 4 »A®A + 2»A ®A +1 -4 A1111iAE¢A !sgapiA !KiA letroniA .ts2+)T+S(»A ®A2+ »A®Ae -4 "A = p )»A ®A2( kt ns 2 iAE¢A pknit p ,k ,n x se lit?A alumr3Af al. .2 = p noc atnit amall rehcabzreM euq ol se largetni aL. %AE¢AAE¢A )2( .UD )U( KH ) u( u( nh udE¢Ae 2u 2 %AE¢A z °a "Am "A¢A h 2/1 -4 "A 'k Ink+n2 1
= >k"A®A | 2x | n"A®A< somenetbo euq le noc ,x )h "A¢A/°4 "Am( = u se aivbo n3Aicutitsus aL 5 olutApaC :rehcabzreM ed samelborp sol a dieR remoH ed senoiculoS 2 1 %AE¢AAE¢A "A¢Ah "A¢Ah "A¢Ah -4 "A"A¢A h !K IN 2 K+N .xd )x( kh )x(nh )x = > k"A®A | x | n"A®AkK"A®A | 2x | n"A®A< 2 °4 "A 2ma E¢A kn 'A®A )+ n( °a4 "Ah "A¢Am2 =
>k"A®A | x2p | n""A®A< 1y 2x 2 °4 "A 2ma E¢A hm2 = x2p secnotne 2 x m2 2x 2 °4 "Am + p 1 2 1 = h somenet ,ocin3Amra rodalicso le araP ?XP ed selaicirtam sotnemele sol ed otneimiconoc led ritrap a laicirtam arbegliA le rop etnematcerid odatluser omsim le renetbo edeup eS¢A .zirtam al ed sanmuloc y salif saremirp sal ebircse y ocin3Amra
rodalicso IE n = k ink2 = A~ Af Af A, at the contrary. Concreting this in (2), we have = =1 1/2[(n + 1) (n + 1) 2 hii¢l (2n + 1). 2 MA i HAT CHAA¢A€ P2 | A®As iAE¢A 1 = 5 olutApaC :rehcabzreM ed senoiculos sal" dieR remoH %AE¢A4E¢A "A¢A h "A¢A h -4 "A"A¢A H 2 Inn n xd )x( nh )x4 E¢A( pxe x 2 2 °4 "Am °4 "Am 4 %AE¢A 2/1 °4 Am1zr=
n "A®A 4x n "AA .ocin3Amra rodalicso led aAgrene ed oiporp odatse omis©Ane le arap 4X ed avitatcepxe ed rolav le eluclaC 3.5 amelborP .etnemroiretna somiulcnoc euq ol noc odreuca ed I uh = 2 2x 2 °A "Am 1 = i th euq ecid lairiv ameroet le secnotnE xd ,x 2 °4 "Am = )x( v d ,osac etse nE xd .)x( V x = i th 2 d ecid lairiv ameroet le euq enopus es
,odal orto roP .i uh = i th somenet euq ol rop ,aicnerefid al rasnepmoc ebed ,otseupus rop ,acit©Anic aAgrene ed avitatcepxe ed rolav 1E .aAgrene ed avitatcepxe ed rolav led datim al olos se euq,2 2 2 )+ n( = 2x 2 °A "/Am = iuh 1 °dA "A"A¢A 1 h euq ol rop ,amelborp omitl2A le ne 2x ed avitatcepxe ed serolav sol somartnocnE .2/ 2x 2 °a4 "Am = u se
laicnetop aAgrene ed rodarepo IE .lairiv ameroet led sodatluser sol noc erapmoC .ocin3Amra rodalicso E ht ed oiranoicatse odatse reiuglauc ne sacit©Anic y selaicnetop saAgrene sal ed avitatcepxe ed serolav sol eluclaC 2.5 amelborP .2x ed avitisop zirtam ed otnemele le elecnaC arap ovitagen zirtam otnemele nu renet ebed 2P euq ol rop ,2P y 2X
sonimr©At ed amus anu olos se H y ,atsidraugnav on laicirtam otnemele nu eneit 2X orep ,acit©Agrene aiporp n3Aicnuf al ed esab al ne recerapased nebed H ed lanogaid al ed areuf zirtam ed sotnemele sol euqrop ,Auqga zirtam otnemele 1E .lanaid ed areuf avitagen anu renet aArebed 2P euq elbativeni ecerap oditnes orto ne ,ograbme niS .o+Aartxe
se n%a orep ,rodarepo nu ed lanogaidffo zirtam ed sotnemele sol ed acisiAlc n3Aicaterpretni anu yah on euq ay ,odrusha sonem se osac etse nE . ovitagen aglas euq arap elbavresbo rodarepo nu ed odardauc led )lanogald zirtam ed otnemele ,riced se( av1tatcepxe ed rolav le arap odrusba aAreS .osac remirp le ne ovitagen ev es 2P arap zirtam
otnemele le euq osufnoc ocop nu ecerap eM 3 5 olutApaC : " dieR remoH ed senoiculoS 2 .)h "A¢A °a ~Am( )1 + n2( = >n"A®A | 2x | n "A®A< 12 "A¢A°a Am(]1 +n()22nac¢A¢ac°2z4A¢E ¢ A2ud4eA¢E A 4 uhn2 (u) Du (4)A¢E acacac A¢A¢A¢Ea ¢ i¢i¢cic¢cic¢ic Forthe 1ntegral we want to use (3) ‘again, but this time we will need to
writealittlelaexpan51AnQueAntes X¢ 6TiIi2SNTK(22® 4aA™ A AAA Aén (s + t) + 2st. (5) InkP n! Alk' Anpags' nk, p SR EEEEEEEELEL =XSoou1~4~1~1~(2~st~)J~2~+~A~A~A~a~a~éa{1aé€ 26 - Ura-1 +A-Aat) + ac ¢ A¢A¢AAA|J'] = ODownloadx(Zst)JA(t eA¢ aAaa>>2 +A- ¢a>>4 +1 + dap ¢ a- A¢ ¢¢ca-2a¢€
escribos que se Puzed Combinar para Dar un factor de A® 4 4 »4. And La Segunda Lanea, lo Lammita © a Rinzeros El Mismo El Mlsmo Naares de S Que T. Equiparando Podes and (5), ded © 1n n! Soon (+ n + n +), 2 2 enconces (4) es 3 a®An nxdaA¢AA Aa€°21(+n+n2).2 Problema 5.4 Para Los Estados Propios De Energaa Conordule La
Probiador Arméasnico de Unse La Clogitud Del Oscilador CLA SICH DE LA MISMA Energéa . P La Amplitud CLASICA es A = (2nd) / (MA™ 4 € 1). La Probabilidad de Encontrar La Coordenada Mayor Que Estoes ZAA8 AA¢ AA¢ a4 & |>A) = Sex + a® 2n (x) 2N (x) DH Sister Saber 5 Soluciones De Homer Reid A Los Problemas De Merzbacher:
Capédtulo 5 = Capatulo5t43aa4ta¢éé)DXRZ2mA261+t34€A€€€€2°1. Exp (subser) HN (x) DXN!2H ¢ "A"a"  HanA" é3a¢ ¢TAa€™ uHN2 (u) du n! December 2, ¢¢ atat¢taAdeaaea€ ™ uHN2 (U)du External tibytta™ 1N!2open2n+1al passar de la primera Invocamos, Invocamos, Invocamos el Heecho de Porraa™ Tiene
Pariday Uniform A, par Lo Que Seven Tiene Parlday Incluso. Al Ir de la Segunda A la Satura Lanea a la desave, notamos que lanego lanegado propio esh 4 4 € ce 4€ 4 4 € 1/2). And Particular, PN=0 (|xa)===1a¢étai¢ét A¥%“EOac¢ét"P2/2 dpac¢cétae A"a-aceéetlilacéetlicetae ™23 4-4a-erf(2)228°4,-a¢étAil1A¢ét
a€ ™ erf (2)? ? semoceb )2( taht os 2~ i = A%i = A2A) OVA A AAAA ~ )And AA ? tluser eht sniatbo eH .reirrab laitnetop eht naht ssel si ygrene sA A simsnart eht tolP .reirrab eht fo OV thgieh eht sdeecxe ygrene eht fi a2 htdiw fo reirrab laitnetop ralugnatcer a rof tneiciffeoc noissimsnart eht niatbO 1.6 melborP 6 retpahC 0002 ,42 enu] dieR
remoH noitidE drihT ,scinahceM mutnauQ ,rehcabzreP ni smelbor ot sn01tuloS Tk2 A ? Tk/AhA A?tAAA1 A Ao ? ecnairav htiw noitubirtsid naissuaG a si sihT 2t AA AA1 A2/1?7m?????2?2tAAA¢ 1A ht+1 Am???????:)Tk/AA h A A¢ ATTET'A¢(pxe ATRIDyr EEE h 2/1? m? xd 2|)x(nA| nC 0C = 0=n X AA A¢ =
xd)x(P si xd dna x neewteb elcitrap a gnidnif fo ytilibaborp ehT 5 retpahC :smelborP rehcabzreM ot snoituloS sAA16 Tk/AN hA Tk/AhA  ht etoned ew esoppuS ].desu eb yam )34.5( noitauqE :tniH[ .stimil erutarepmet-wol dna lacissalc eht ni stluser eht kcehC .erutarepmet fo noitcnuf a sa noitubirtsid eht fo htdiw eht tolP .noitubirtsid A si tnemecpsid
HTIW ELCITTRAP A Gnidnif Fo Htgnel Tin Rep Ytilibaborp Eht ,Noitubirtsid ,Notubirtsid k k A®A? = A¢ & ° Bl x We have iA® A"sen 2iA%a e2ika. M11 = cos 2iA%a A¢ '2 and 1/2 A® A"2 2 | M11 | = Cos 2ila + sen A®A?2a 4 2 1/2 A¢ '1 sin2 A®A’a 4 1/24 1 A®A? + k4 2 sin A®A%a A¢' = 1+ 4A®A22k 2 1/2 2 2 (A®A? A¢ 'K) 2 sin A®A?a = 1+ 4A®A* 2 k
21/2v02 2 = 1+ sin A®A?a 4e (e A¢ 'v0) 1/2 1 = 1+ sen2 A® A®A2a A®A® A3 A¢' 1) 1/2 4A®A3 (A A®A¢ '1) + sin2 A®A?a = 4A®A3 (A¢' 1) 2 where A®A® = e / v0. We have 1/2 2M A (E A¢ 'V) 0 H2 1/2 2MV0 A2 = (A¢ A¢ A' 1) 1/2 H2 3A®A A (A®A3 A¢ A¢ A¢ '1) 1/2 = 2 A®A?a = Then the coefficient is "# 1 4A®A3 (A®A3. '1)t = 1/2 | m11 | 2 4A®AS3
(A®A3 A¢ 1) + sen2 SAAAAAAAAGG2 (A®A3 A¢ ') This is outlined in figure 1.2 3 Homer Reid solutions to Merzbacher Problems: Chapter 610.52E/V02.53 3.5 Figure 1: TransmitA 3 coefficient versus E / VO for problem 6.1.4 4 Homer Reid solutions & & ¢ to Merzbacher problems: Chapter 6 Proble 6.2 Consider V=0 forX> A, V = A¢ v0 for A
A¢ A¢ A¢ XA¢ 4°A¢ 0, and V = + A¢AO for x a positive energy solutions of the SchrA¢A¢ The Odmger equatlon 3 the form ei (kx +2A® ") A¢ eA¢ ikx calculates the scattered coefficient | 1 A¢ " e2iA® '| 2 and shows that it exhibits the highest (resonances if the potential is deep and wide enough. We have with Af AfE A+ 0A"A"A® Af Ax A+ A+ 0
A"A"ayayayayayayayayayayayayayayayayayayayayayayayayayayayayayayayay residential + DEA¢'IK2 X, X A¢ A° A° A0 A¢ & ° A° A° A¢ A¢ A¢ A¢ A¢ A¢ A¢ A¢aA¢a°A¢axr2m (e +v0)2me k2 =. kl = ~ 2 ~ 2 ~ Applying the requirement that it is continuous in x = 0, we see that we must take a = A¢ A¢ A¢'b, then A¢ A¢ A¢ AA¢ A¢ A¢ A¢ A¢ Ag
A¢ i", then AA ¢ k1 x for O¢A ¢ i", then AA ¢ i" ¢ i"i" ¢ i" ¢ i" ¢i"¢i" ¢i"i"1" ¢ 1"1"1" ¢ 1" ¢ 1" The other standard requirement, Traat, the derivative of A®A" is also continuous, does not hold in x = 0 because the potential is infinite there. So, A®A3 is undetermined so far. Eventually, we can apply the normalization ® the normalization 3 the standard in
A®A" to find A®AS3 if we want. Then 3 apply continuity of A®A" and is in x = a, we A®bta A®A3 without k1 a = k1 A3Ae coskl a +isinkl a2ik2 1kl D = ¢AAA A3Ae+ik2 a cos k1 a ¢AAA isin k1 a 2iik2 C= (3) (4) It¢AAAs now convenient to write k1 cos k1 a + i sin k1 a = A+AeiA’A k2 where A+A2 = k1 k2 2 cos2 k1 a + sin2 k1 a (5) (6) Homer
Reid¢AAAs Solutions to Merzbacher Problems: Chapter 6 and A’A = tan ¢AAA1 k2 tan k1 a k1 5 so that A+A contains magnitude information, while AA represents phase information. Then we can rewrite (3) and (4) as ASAA+A ¢AAAik2 aiA’A e e 2i A3AA+A D = ¢AAA e+ik2 a e¢AAAIA A 2i C= Then the expression for the wavefunction to the left of
x = a becomes A"A(x) = Ceik2 x + De¢AAAik2 x (x > a) i ASAA+A h ik2 (x¢AAAa) iA’A ¢AAAiIk2 (x¢AAAa) ¢AAAIAA e e ¢AAAe e = 2ii A3AA+A ¢AAAIA’A h ik2 (x¢AAAa) 2iA’A e = e e ¢AAA e¢AAA1k2 (x¢AAAa) . 2i Using (5) and (6) the scattering coefficientis 2 2 2kl k1l 2 coskasinka ¢AAAsinkacoska+2i1111k2k22iA’A?2 |1 ¢AAA e | =1
¢AAA 22kl cos2kla+sinklak22hi?2sinkl asinkl a¢AAAikk]l coskl a2 = 2kl cos2kl a+ sin2kl ak2 Wehave = 4sin2klaklk222(7)cos2kla+sin2kla E+V01l=1+EA»Ar2ma2 (E + V0)kl a==A2AA»A + 1)1/2 ~2 k1 k2 = where A»A = E/V0 and A%A = (2ma2 VO /~2 )1/2 in Merzbacher¢AAAs notation. Then the
scattering coefficient (7) is scattering coefficient = (1 + 1 2 A»A) 4 sin2 [A’A(A»A + 1)1/2 ] cos2 [A?A(A»A + 1)1/2 ] + sin2 [A*’A(A»A + 1)1/2 ] In Figure 6.2 I have plotted this for A’A = 25. 6 Homer Reid¢AAAs Solutions to Merzbacher Problems: Chapter 6 4 3.5 Scattering coefficient 32.52 1.510.500 0.5 1 1.5 E/VO 2 2.5 Figure 2: Scattering
coefficient versus E/VO for Problem 6.2. 3 Homer Reid¢AAAs Solutions to Merzbacher Problems: Chapter 6 7 Problem 6.3 A particle of mass m moves in the one-dimensional double well potent1al V) = ¢AAAgA ‘A(x ¢AAA a) ¢AAA gA ‘A(x + a). If g > 0, obtain transcendental equations for the bound-state energy eigenvalues of the system. Compute
and plot the energy levels in units of ~2 /ma2 as a function of the dimensionless parameter mag/~2 . Explain the 2kiAAA¢ 1 sdleiy eseht gninibmoC ] a kiAAA¢eD AAA¢ a 2kieC[ 2ki = a 1k soc A3A 1k 2 a 2 kLAAA¢eD + a a level, E+, and the excited (odd parity) energy level, E¢AAA In this problem, we can divide the x axis into three regions. In each

region, the wavefunction is just the solution to the free-particle SchrA”A odinger equation, but with energy E < 0 since we¢AAAre looking for bound states. Putting k = p 2mE/~2 , we have "AfA+A x ¢AAxA ¢AAAa "A£A?A Aekx + Be¢AAAkx Cekx + De¢AAAkx , ¢AAAa ¢AAn£A X ¢AAnA aA A(x) “AfA3A Eekx + F e¢AAAkx a ¢AAxA x. Now, first of

all, the wavefunction can¢AAAt blow up at infinity, so B = E = 0. Also, since the potential in this problem has mirror-reversal symmetry, the wavefunction will have definite parity. Considering first the even parity solution, "AfA+A x ¢AAnA ¢AAAa "A£A?A Aekx , B cosh(kx), ¢AAAa ¢AARA x ¢AAnA aA A(x) (8) "A£A3A Ae¢AAAkx , a ¢AAXA x. Matching
the value of the wavefunction at x = ¢AAAa gives Ae¢AAAka = B cosh(¢AAAka) (9) Since the potential becomes infinite at x = ¢AAAa, the normal derivative- -continuity condition doesn¢AAAtL hold there. Instead, we can write down the SchrA”A odinger equation, d2 2m 2m A"A(x) = 2 V (x)A"A(x) ¢AAA 2 EAA(x), 2 dx ~ ~ then integrate from ¢AAAa
¢AAA to ¢AAAa + and take the limit as ¢AAA 0. This gives ¢AAAa+ dA”A 2mg = ¢AAA 2 A"A(¢AAAa). (10) dx ¢AAAa¢AAA ~ Applying this condition to the wavefunction (8) yields kB sinh(¢AAAka) ¢AAA kAe¢AAAka = ¢AAA 2mg B cosh(¢AAAka). ~2 Homer Reid¢AAAs Solutions to Merzbacher Problems: Chapter 6 8 Substituting from (9), kB
sinh(¢AAAka) ¢AAA kB cosh(¢AAAka) = ¢AAA 2mg B cosh(¢AAAka) ~2 or tanh(ka) = A’A 2mg ¢AAA1= ¢AAA1 ~2 k ka with A’A = 2mag/~2 . This equation determines the energy eigenvalue of the evenparity state, which will be the ground state. On the other hand, the odd parity state looks like "AfA+A x ¢AAxA ¢AAAa "A£A’A Aekx , B sinh(kx),

¢AAAa ¢AARA x ¢AAXA a (11) A"A®x) = 'A£A3A ¢AAAAe¢AAAkx a ¢AAnA x. Matching values at x = ¢AAAa gives Ae¢AAAka = B smh(¢AAAka) and applying condition (10) gives 2mg B smh(¢AAAka) ~2 2mg kB cosh(ka) + kB sinh(ka) = 2 B sinh(ka) ~ A?A ¢AAA1 coth(ka) = ka kB cosh(¢AAAka) ¢AAA kAe¢AAAka = ¢AAA so this is the )yetap neve( tatats
that the own energy value for the odd state of parity is lower in magmtude (less negative) than the state of parity even. Problem 6 4 Problem 3 provides a primitive model for a linear diatomic molecula of an interatmic distance electron 2a = | x |, If the potential energy of the "mold © cula" is taken as e & + (| x |), complemented by a repulsive
interaction a® & »g/| x | Among the wells ("atoms"). Show that, for a sufficiently small value of a® & ", the system (" mold © cula ") is stable if the particle (" electron ") is even in the state of parity even. Draw the total potential energy of the system in function of | x | 9 Homer Solutions Reid a Merzbacher Problems: Chapter 6 PSFRAG 2 SHOWS (KA)
Coth (KA) : GRANE Energy Determination Levels for problem 6.3 with &®&a? = 3. 2 10 Homer solutions Reid to Merzbacher's problems: Chapter 6 Problem 6.5 If the potential in problem 3 has G x( thgir eht no sedutilpma eht )0 < x( nigiro eht fo tfel eht no sevaw enalp detcelfer dna tnedicni eht fo sedutilt fo pma eht setaler hcihw , M xirtam eht uto
kroW )a(.0V > E ygrene evah ot demussa si elcitrap ehT )0 > g dna OV htiw( )x(A"Aan elcitrap A 6.6 melborP 21 6 retpahC :smelborP rehcabzreM ot snoituloS sSATTO374444444444447544735444444444444444444444741( 1 + A2444424242224444444444444444444444444334444444444444433333??2?? =T ? 1 ro, 2| 11M|/1 = T yb nevig si

tneiciffeoc noissimsnart eht dna ,xirtam M eht si sihT aki ak + 1 + A ak2 nis +1 = F B )1 AAA¢ e( aki4 A2 A2?7???7?" # aki ak aki B ak2 nis AAA1 +1 =E +A)1 A A??2?2?27? # evah ew,)81( hguorht )51( snoitauque gninibmoC .51 = A2 htiw 4.6 melborP ni tneiciffeoc noissimsnarT :4 erugiF ak 52025101500 1.02.03.04.05.06.0)k(T 7.0
8.09.016 retpahC :smelborP rehcabzre ot snoituloS AA A andyR remoH 11 stnemecalper garfSP aki +1 + C e )81(D +=F A2 ? aki AAA AAC A A ? niatbo ew )61( dna )51( ni snoitutitsbus eseht gnikaM .aAA¢ A A wt ev1g color A+ = x ta noitcnufevaw eht eht in the derivative of the wave function 3 as before: 0+ dA®A" 2mg =2 A®A" (0) dx 0A¢
a ~ thenik2 (c A¢E & d) A¢E A"(a A¢E K2 IK2 ~ 2 (20) Homer Reid solutions to Merzbacher problems: Chapter 6 13 SUMPATED AND RESTIGATING (19) and (20), we can read 1 2mg 2mg 1K1 K1IA+B+C =1+ 1AE 4 2K2IK2 ~2K21IK2 ~ 2 2mg 2mg 2mg 1 1 K1 K1 A¢E a A¢E a, 4" ab M12 M12 A¢E 11 S12 = M1A ¢ E Solutions to
problems in Merzbacher, MecAA nica cuA AAAA a, third edition 3 Homer Reid April 5, 2001 Chapter 7 Before starting these problems I pare01A3 useful to review how the WKB approach works in the first place® The 2 of SchrA¢A” Odinger is A¢E a~2d2A®A" (x) + V(x) A®BA” (x) = eA®A” (x) 2m dx2 or d2 A®A™ (x) + k 2 (x) A®A” (x) = 0, dx2 we
postulate for A®A" the functional form k (x) A¢ °A° AAr2m[e A¢E &4 45 (X)]. ~ 2 A®A" (x)~ aeis (x)/ in which case the schrA¢A” odinger equation becomes i~ s 00 (x) = [s 0 (x)] 2 A¢0 (1) This equation 3 not be solved directly, but we obtain guidanoe 3AthAe observation that, for a constant potential, s (x) = A+ kx, so that S 00 disappears. For a non-
constant but slowly varying potential, we can imagine that S 00 (x) will be small, and we can take S 00 = 0 as the seed of a series of successive approximations to the exact 2 solution. To be specific, we will construct a series of functions SO (x), S1 (x), A- A- A-, where SO is the solution 3 (1) with 0 on the left side; S1 is a solution 3 S000 on the left side;
and so on. In other sortoson sortoson ,))x( nS odaluclac someh lauc le ne( n3A1cam1xorpa ed aicneuces al ne osap omis©Ane le ne SNOO (x) and use it as the source term in the LHS of (1) to calculate SN+1 (x). Then we calculate the second derivative of Sn+1 (x) and use this as the source term to calculate SN+2, and so on in AD Infinitum. In 1 Homer
Reid Solutions to Merzbacher's Problems: Chapter 7 2 Summaries, 0 = [S00 (x)]2AE 4 ~2K2 (x) I ~ S0001 ~ S100 = [S10 (X)] 2 [S20 (x)] 2 =A- A A-A-A-A-A-A-(2)22(3)22 (4) A¢E & ~k (x) A¢E &'s ~ k (x) ecuaciA n (2) is Clearly resolved taking s00 (x) = A+ ~ k (x) A¢ 4 4! &4 &4€" = s00 A+~ ~ z x k (x0) dx0 (5) A¢E Then s000 (x) = A+ ~k 0
(x), then (3) is p s10 (x) = A+ ~ k 2 (x) A¢ A+ ik 0 (x). With the two signs here, we seem to have four possible options for S10. But let's think a little bit about the signs of this equation? The A+ sign under the radical comes from the two signature options (5). But if we choose, say, the plus sign in that equation, so 3 S00> 0, we also expect S10> 0. In
fact, if we choose the plus sign (5) but the minus sign (3), then S00 and S10 have an opposite sign, so S10 differs from SO0 by an amount at least as large as S00, in which case our approximation sequence * SO, S1, A- & has little hope of converging. So we choose both m signs or both minus signs in (3), where our two options are p s10 = + ~ k 2 (x) +
ik 0 (x) ors10 =A¢E 4 ~k2(x)A¢A¢AE & Ik 0 (x). (6) If V (x) is constant, K (x) is constant and, as we observed before, the sequence of approximations ends at 0 A° order, SO being an exact 3 solution. By extenswnA 3 n, if V (x) is not constant but changes little over a part wavelength, we have k 0 (x)/k 2 (x) 1, so we can expand the radicals in (6):
IKO(x)ik0(x)sl0A¢Aa°E ~k(x)1+2 orleA¢ a°E A¢E A~k (x) 1 A¢Ea 2k (x) 2k (x) 0i~ KO (x) S10 A¢ &" E10 E ~ A¢A+ K (x) +. (7) 2k (x) integrating, zi ~xk 0 (u)0dx2ak (u)zaxi~k(x) =sl (a) Ac Ax ~k(u)du+2k(a)Asl (x) =sl(a)d¢a=+~zxk(u)du+ where a is at the same point chosen in such a way that the
approximation (7) is véilida in the full range to 0 Ov( m2 xa¢¢’a” ¢” a's a'a’a¢ 2P 2P =h nanotlimah eht yb detneserper llew laitnettop rof ygor ynurit eht letamits A ew’a’a” ,Noitcnuf lairt was 2 4.8 Melborp .)ylticilpxe State ,Selborp Siht of Saerep , Stneserper Tsuj 2)a m/~( rotcaf eht by ecnereffid eht( )( htiw seerga HCIHW 2 4> m ~ 4 = Qeata’ tfihs
dnuat eht, Zn 2n +n + 1 2 a%oa a» ~4 2 = na dz x nd"dzowtpxeg = ea*ta’rp :3 . i na "az| 4x | na azhg= )x( na baz| 4xg|)x( na“"azowtpxe = eata'a' tsrif tsr1f tsrif tsrif tsrif tsrif tsrif tsr1f tsr1f tsrif tsrif tsrif tsrif tsrif tsrif tsrif tfihs Neither Noitalucalc Lanoitarav eht htiw tluser eht Erapmoc ,tneiciffooc Eht Fo Seulav llams Rof 4xg laltneop a yb

AAAAAAA

/\/\I\/ A NVA o aca A ) A JAIN NA NV A A NNV a4 A AIAIAAAIA NV A,/\/\/ AAAA a4 4 N o Aar a4 AAA _TaA ____ AAAIA

)a»az6 aona’a ¢ 1(a»az3 +) )a»attttttttken a"a’ 1(+)a»az3 + 1(1 4 2 24 'd’'a¢)a»az3 + 1(a»az3 + 1 1a'a’a"4’a az3 + 1( + )a»aéB +1(142 2a (1 4 2a a¢) + 1(a>>at23 + 1’ 1a
Fo Eulav Gniziminim eht 0 4»az rof os ,a»az3 a"a%o Gnip nib )a La Redro Tsewol Fo Smret gnipeek tnelaviuge you hcihw( ytitnauq llams eht by Redro Tsr1f Ro Htorez Fo Fo Fo Smret Ylno Gnipeek a»taz6 =) 1(a’a ¢" mer ) 3 + 2 3 + 1( )6( SIHT Gnitarsni . Llams Emos Rof + 1 don’a’ ¢ )a»az(a» yam ew Gnna ,1 ot Esolc Eb Will 4%oa eht ,A" llams rof
,taht enigami suht nac eW .1 = AA  htiw )A yb gnitargetnl 2xAAA¢ xd )x(A tallicso cinomrah ehT a2 .3r=Cos3 +aAM¢a2C2=a0hiaaC2=2+2AAx?aZ?0toxdC2=AAA122?x?aZaAA¢ xd 2)x(A b A C=1 2 a Z .C tnatsnoc noitazilamron eht etaulave ot si ksat tsrif ehT .eulav tcaxe oht fo tnecrep 01 naht ssel nihtiw seil hcihw
,rotallicso cinomrah raenil eht fo ygrene etats dnuorg eht ot timil reppu na ,a fo eulav mumitpo eht rof rof ,sdleid > |x| 0 = )x(A a to AA¢ |x]| 1x| AAA¢ 1 C ? ( ? sa noitcnuf lairt lanoitairav a etaugedani sa taht wohS 5.8 melborP ?ereh kcirt fo dnik emos gnissim I mA .yllaciremun naht rehto deecorp ot yaw yna ees tAAanac I dna ,ssem a eb dluow siht

,revewoh ,ecitcarp nl .noitcnuf evaw lairt fo mrof siht htiw elbaniatta ygrene tsewol eht niatbo ot )21( otni noisserpxe dias tresni neht dna JA+A 2~/ 0Vm fo smret ni c1trauq siht fo stoor eht rof no1sserpxe ticilpxe na nwod etirw dluoc ew yroeht nl A+A+4 2?2~ AAA¢ 3A+A A22? 2~ AAA¢ )A? + A+Aa? 3)A2 + A+A(A2 2 m2 AA ? 3)A2A +

A+A( )A2 3 -J-A+Aan Az s m2 0V AAA¢ =iA|[Ah +iA| T|Ah = A|HJA owtpxe A2 A2s)A? + A+A (AZr A:lZATATA”EATA¢ xd XA":ATATATA(ZA A(AT(ZA) 0VATAT¢ =iVh2 ATlEI§4l444777777777777777777333333 A2A 2~ 3A2 2 A2 m2 A rr? 2 2/1? ? si eulav noitatcepxe sti dna m2 AA 2/ xA? A ~2724/1?? xAAA¢
m2 A A?xAAA¢ XA A??sdleiy etats siht no gnitarepo rotarepo ygrene citenik ehT 8 retpahC :smelborP rehcabzreM ot snoituloS A remoH 9 A . =C A?A 4/1?7? A A22AAA AA AAAAAA AThatA Said That A % Ra' That A Ambitions In¢ Z 2 C=1 yb yb .setats .setats yranoitats rof meroeht lairiv eht evired dna ,retemarap )gnilacs(
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